ABSTRACT. The cohomology annihilator of a noetherian ring that is finitely generated as a module over its center is introduced. Results are established linking the existence of nontrivial cohomology annihilators and the existence of strong generators for the category of finitely generated modules. Exploiting this link, results of Popescu and Roczen, and Wang concerning cohomology annihilators of commutative rings, and also results of Aihara and Takahashi, Keller and Van den Bergh, and Rouquier on strong finite generation of the corresponding bounded derived category, are generalized to cover excellent local rings and also rings essentially of finite type over a field.
INTRODUCTION
The central theme of this article is that the two topics that make up its title are intimately related. Inklings of this can be found in the literature, both on annihilators of cohomology, notably work of Popescu and Roczen [28] from 1990, and on generators for module categories that is of more recent vintage; principally the articles of Dao and Takahashi [8] , and Aihara and Takahashi [1] . We make precise the close link between the two topics, by introducing and developing appropriate notions and constructions, and use it to obtain more comprehensive results than are currently available in either one.
To set the stage for describing this relationship we consider a noetherian ring Λ that is finitely generated as a module over its center, Λ c . We call such a Λ a noether algebra. For any non-negative integer n, the elements of Λ c that annihilate Ext n Λ (M, N), for all M and N in mod Λ, form an ideal that we denote ca n (Λ). It is not difficult to see that one gets a tower of ideals · · · ⊆ ca n (Λ) ⊆ ca n+1 (Λ) ⊆ · · · , so their union is also an ideal of Λ c that we denote ca(Λ), and call the cohomology annihilator of Λ. As Λ is noetherian there exists an integer s such that ca(Λ) = ca s (Λ). The questions that drive the development in this paper are the following: How big (in any measure of size, for example, the dimension of the closed subset of Spec Λ c it determines) is ca(Λ)? Does it contain non-zerodivisors? What is the least integer s as above? Not every ring has a non-zero cohomology annihilator ideal. Indeed, consider the singular locus of Λ, that is to say, the subset Sing Λ := {p ∈ SpecΛ c | gldim Λ p is finite} .
Here gldim denotes global dimension. It is easy to check (see Lemma 2.9 ) that this is contained in the closed subset of SpecΛ c defined by V (ca(Λ)), the set of prime ideals of Λ c containing ca(Λ). This means that when the ideal ca(Λ) contains non-nilpotent elements, Sing Λ is contained in a proper closed subset of SpecΛ c . However, there are even commutative noetherian rings for which this is not the case; the first examples were constructed by Nagata [24] ; see Example 2.10.
On the other hand, for any M in mod Λ and integer n ≥ 1 there is an equality
where Ω n M denotes an nth syzygy module of M as a Λ-module; see Lemma 2.13. Observe that ca n (Λ) is the intersection of the ideals on the right, as M varies over mod Λ. This leads one to the following definition: We say that a finitely generated Λ-module G is a strong generator for mod Λ if there exist integers s and n such that for each M ∈ mod Λ, there is Λ-module W and a filtration
with Z i+1 /Z i is in add G, for each i. We require also that G contains Λ as a direct summand, so that G is a generator in the usual sense of the word. This definition should be compared with that of a generator of a triangulated category introduced by Bondal and Van den Bergh [4] . Unlike for triangulated categories, there are various possible notions of "generation" for module categories, stemming from the fact that, in a module category, kernels and co-kernels are not interchangeable; some of this is clarified in Section 4.
Given the discussion above, it is not hard to prove that if modΛ has a strong generator, with parameter s as above, and d = sup{gldim Λ p | p ∈ Sing Λ} is finite, then V (ca(Λ)) = V (ca s+d+1 (Λ)) = Sing Λ .
In particular, Sing Λ is a closed subset of SpecΛ c . One can also describe the cohomology annihilator ideal, at least up to radical, in terms of the generator of modΛ; see Theorem 4.3. Going in the other direction, we prove that when R is a commutative noetherian ring of finite Krull dimension and there exists an integer s such that ca s (R/p) = 0 for each prime ideal p in R, then mod R has a strong generator; see Theorems 5.1 and 5.2.
These results shift the focus to finding non-zero cohomology annihilators, and one of the main tools for this is the noether different introduced by Auslander and Goldman [2] , under the name "homological different". This is explained in Section 3. Building on these results we prove Theorem. When R is a commutative ring that is either a finitely generated algebra over a field or an equicharacteristic excellent local ring, then mod R has a strong generator and V (ca(R)) = V (ca 2d+1 (R)) = Sing R, where d = dim R.
This statement is contained in Theorems 5.3 and 5.4. We tackle the case when R is an excellent local ring by passage to its completion, and the argument illustrates well the flexibility afforded by considering cohomology annihilator ideals, rather than focusing on ideals defining the singular locus.
The identification of the singular locus with the closed subset defined by the cohomology annihilator is related to results of Wang [33, 34] , that in turn extend work of Dieterich [10] , Popescu and Roczen [28] , and Yoshino [36, 37] stemming from Brauer-Thrall conjectures for maximal Cohen-Macaulay modules over Cohen-Macaulay rings; see Remarks 3.7 and 3.8, and the comments preceding Theorems 5.3 and 5.4.
On the other hand, the part of the statement above dealing with generators extends results of Dao and Takahashi [8] , who proved it for complete local rings, assuming that the coefficient field is perfect. As is explained in Section 7, any strong generator for mod R gives one for its bounded derived category so one obtains:
Theorem. When R is commutative ring that is either essentially of finite type over a field or an equicharacteristic excellent local ring, D b (R) is strongly finitely generated.
This is contained in Corollary 7.2. It generalizes work of Aihara and Takahashi [1] and Rouquier [29, 30] -see also Keller and Van den Bergh [19] -on the existence of generators for bounded derived categories.
As mentioned before, the noether different is one of our main tools for finding cohomology annihilators. In Section 6, we develop a different approach, based on tracking the ascent and descent of property that the cohomology annihilator ideal contains a nonzerodivisor, between a commutative ring A and any A-algebra Λ that is finitely generated as an A-module. The following result, contained in Corollary 6.7, is paradigmatic.
Theorem. When M is a torsion-free finitely generated A-module with rank, for any integer n the ideal ca n (A) has a non-zero divisor if and only if so does ca n (End A (M)).
An immediate corollary is that if a domain admits a noncommutative resolution, in the sense of [7] , then its cohomology annihilator ideal is non-zero; see Remark 6.9. Results such as these highlight the benefit of considering cohomology annihilators for (not necessarily commutative) noether algebras even if one is interested only in commutative rings.
Acknowledgements. The authors are grateful to Ragnar-Olaf Buchweitz for various conversations and lectures. In particular, he pointed out to us that the study of annihilation of cohomology arose in number theory, in the work of Weil [35] , and taken up by Kawada [17, 18] , Moriya [22] and Kuniyoshi [20] . The first author also thanks Lucho Avramov for discussions on the material in this paper. The second author expresses his deep gratitude to David Eisenbud and Shiro Goto for providing opportunities to present this work in their seminars at the University of California, Berkeley, and at Meiji University, respectively.
COHOMOLOGY ANNIHILATORS
In this section, Λ will be a noether algebra, that is to say, Λ is a noetherian ring that is finitely generated when viewed as a module over its center, that we denote Λ c . Then the ring Λ c is also noetherian. We write Mod Λ for the category of Λ-modules; its subcategory consisting of finitely generated modules is denoted mod Λ. Our convention is that Λ acts on a module from the right; thus left modules will be viewed as modules over the opposite ring to Λ, denoted Λ o . Subcategories are assumed full and closed under isomorphisms. A Λ-module is finitely generated if and only if it has that property when viewed as a module over Λ c . It follows then that Ext n Λ (M, N) is a finitely generated Λ c -module for any M, N ∈ mod Λ and integer n. This remark will be used without further comment. Definition 2.1. For each non-negative integer n, we consider the following ideal of Λ c :
In words, this ideal consists of elements a ∈ Λ c such that a Ext i Λ (M, N) = 0 for all M, N in modΛ and integers i ≥ n. Note that ca n (Λ) ⊆ ca n+1 (Λ). The cohomology annihilator of Λ is the union of these ideals:
We also call an element of ca(Λ) a cohomology annihilator; this should cause no confusion, for the context should make it clear whether the ideal or an element is intended. Observe that, as the ring Λ c is noetherian, there is some integer s such that ca(Λ) = ca s (Λ). In fact, more is true and is recorded in Remark 2.3.
Syzygy modules.
Let M be a Λ-module. We write Ω Λ M for the kernel of any surjective Λ-linear map P ։ M, where P is a projective Λ-module; when M is finitely generated, P can be chosen to be finitely generated, and we will tacitly assume that this is the case. By Schanuel's lemma, P depends only on M, up to projective summands. For any integer n ≥ 1, we set Ω n Λ M := Ω Λ (Ω n−1 M), and call it an nth syzygy module of M; when M is finitely generated, so are the syzygy modules. We omit Λ from the notation, when the ring in question is clear from the context.
The following well-known observations will be used repeatedly in the sequel.
for some choice of syzygy modules for L, M, and N: It suffices to verify this for n = 1, and then it is immediate from the Horseshoe Lemma.
The induced surjective map
is Λ c -linear as are the isomorphisms
It follows that ca n (Λ) = ann Λ c Ext n Λ (mod Λ, mod Λ) for each n. Summing up, there exists some integer s such that
The least such integer s is evidently an invariant of Λ.
As we shall soon see that there may no non-zero cohomology annihilators, even for "reasonably nice" rings. But first we describe some examples where we can readily identify some interesting annihilators.
Example 2.4. Recall that the ring
Λ has global dimension ≤ d, for some integer d, if Ext d+1 Λ (mod Λ, mod Λ) = 0 .
This is the case if and only if
In what follows, when discussing the commutative ring case, we use R instead of Λ. In this context, local, means also noetherian.
Example 2.5. Let R be a local ring and let m denote its maximal ideal. The socle of R annihilates Ext 1 R (mod R, mod R). In particular, if R is artinian and l is its Loewy length:
there is an inclusion m l−1 ⊆ ca 1 (R). Indeed, let M be a finitely generated R-module and F ։ M its projective cover; its kernel, Ω M, is thus contained in mF. In particular, the socle of R annihilates Ω M and hence also Hom 
This computation is due to Dieterich [10, Proposition 18] .
Example 2.7. Let k be a field and R = k x, y /(x 2 ). Then ca(R) = ca 2 (R) = (x). Indeed, the R-module R/(x) has a free resolution
. It remains to check verify that there is an inclusion (x) ⊆ ca 2 (R). When the characteristic of k is not two, this follows from Example 2.6. In the remaining case, one can verify it by a direct calculation, using the classification of maximal Cohen-Macaulay R-modules; see Proposition 2.15.
As usual, we write SpecR for the collection of prime ideals in a commutative ring R, with the Zariski topology. Thus, the closed sets in the topology are the subsets
for ideals I ⊆ R. Extending a notion from commutative algebra, we introduce the regular locus and the singular locus of a noether algebra as the following subsets of SpecΛ c :
When Λ is free as a Λ c -module, it follows from Lemma 2.8 that Reg Λ ⊆ Reg Λ c .
Lemma 2.9. Let Λ be a noether algebra.
(1) For any multiplicatively closed subset U ⊂ Λ c there are inclusions
Proof. The crux of the proof of (1) is that each finitely generated module over U −1 Λ has the form U −1 M, for some M ∈ mod Λ. It remains to note that there are isomorphisms
for any M, N ∈ mod Λ and integer n, and that
(2) For p ∈ Spec Λ c with p ⊇ ca(Λ), it follows from (1) that ca(Λ p ) = (1), and hence that gldim Λ p is finite. Example 2.10. The first systematic investigation of rings with non-closed singular loci is due to Nagata [23, § § 4,5] . A particularly simple procedure for constructing such examples was discovered by Hochster [13, Example 1] , who used it to describe one-dimensional domain R with countably infinitely many prime ideals of height one such that Reg R = {(0)}, and the intersection of any infinite set of maximal ideals of R is (0). Thus Sing R is not contained in any closed set. Ferrand and Raynaud [11, Proposition 3.5] have constructed a three-dimensional local domain containing C whose singular locus is not closed. 
Annihilators of
Indeed, consider the commutative diagram with exact rows: 
Here is a consequence of this observation; it can also be deduced from Remark 2.11. This result will be used repeatedly in what follows. Observe that, in view of the stated equality, the ideal on the right is independent of the choice of the syzygy module, Ω n Λ M. Lemma 2.13. For any Λ-module M and choice of nth syzygy module Ω n Λ M, for an integer n ≥ 1, there is an equality
Proof. Evidently, the ideal on the left is contained in the one on the right, so it suffices to verify the reverse containment. Replacing M by Ω n−1 M we may assume that n = 1. Let 0 → Ω M → P → M → 0 be the exact sequence of Λ-modules, with P projective, defining Ω M, and let a be an element in Λ c that annihilates this, when viewed as a class in Ext 
The one on the right is obtained from the one on the left by applying Ext i (−, N), where N is any Λ-module and i any integer. It remains to note that Ext
Remark 2.14. It is useful to consider cohomology annihilators for subcategories: Given a subcategory C ⊆ mod Λ, one seeks elements a ∈ Λ c such that a Ext n Λ (C, C) = 0, for some integer n. Particularly interesting is CM(R), the subcategory of maximal Cohen-Macaulay modules over a (commutative noetherian) Cohen-Macaulay ring R.
Let CM(R) be the stable category of maximal Cohen-Macaulay R-modules. The annihilator of this category is the ideal of R consisting of elements r such that the homothety M r − → M is zero in CM(R), that is to say, it factors through a projective R-module; we denote it ann R CM(R). In view of Remark 2.12 and Lemma 2.13 there are equalities
When R is Gorenstein, this coincides with the cohomology annihilator; this is contained in the result below. We should like to note however that even if one is interested in rings with the Cohen-Macaulay, or the Gorenstein, property, one is often forced to deal with residue rings, which will not inherit that property; see Theorems 5.1 and 5.2.
Proposition 2.15. If R is a Cohen-Macaulay ring of Krull dimension d, there are inclusions
ca(R) ⊇ ca d+1 (R) ⊇ ann R CM(R) .
Moreover, equalities hold when R is Gorenstein.
Proof. For any finitely generated R-module M and integer n 1, there is an equality
by Remark 2.3. When the ring R is Cohen-Macaulay, the R-module Ω n−1 M is CohenMacaulay for n ≥ d + 1, so it follows from the description of the annihilator of CM(R) in Remark 2.14 that ann R CM(R) ⊆ ca d+1 (R). This justifies the desired inclusions, for one always has ca d+1 (R) ⊆ ca(R). It remains to note that when R is Gorenstein, any maximal Cohen-Macaulay module can be realized as an nth syzygy module, for any integer n.
Here is a first illustration. A Cohen-Macaulay local ring R is of finite CM-representation type if there exist only finitely many isomorphism classes of indecomposable maximal Cohen-Macaulay R-modules. Also, R is singular if it is not of finite global dimension.
Proposition 2.16. Let R be a singular Cohen-Macaulay local ring. If R is of finite CMrepresentation type, then height(ca(
Proof. Let C be a maximal Cohen-Macaulay R-module with CM(R) = add R (C). Since R is an isolated singularity, for example, by [14, Corollary 2] , it follows that the R p -module C p is free for each non-maximal prime p ∈ Spec R. Thus, the annihilator of Ext 1 R (C,C) is primary to the maximal ideal of R, so that its height equals dim R. It remains to note that The preceding result rested on the existence of a generator for CM(R); this point of view will be further developed in Sections 4 and 5 to describe cohomology annihilator ideals for a large class of rings.
THE NOETHER DIFFERENT
In this section we explain how certain ideas introduced by Noether [25] , and developed by Auslander and Goldman [2] , and also Scheja and Storch [31] , can be used to find cohomology annihilators, especially those that are non-zerodivisors. The results presented are inspired by, and extend to not necessarily commutative rings, those of Wang [33, 34] ; see also [28, 37] . The novelty, if any, is that some arguments are simpler, and we contend more transparent; confer the proofs of Lemma 3.2 below with that of [33, Proposition 5.9] .
Let A be a commutative ring and Λ an A-algebra. The opposite ring of Λ, denoted Λ o , is also an A-algebra, and so is its enveloping algebra
Then Λ is a right module over Λ e , with action given by λ · (x ⊗ y) = xλ y. The map
is a surjective homomorphism of right Λ e -modules. Recall that Hom Λ e (Λ, Λ) is the center, Λ c , of Λ. The image of the induced map
is the noether different of Λ over A; we denote it N(Λ/A). It is an ideal in Λ c , and can be identified with µ(ann Λ e Ker µ). 
if and only if x is in N(Λ/A). In this case, for each Λ-module M one gets, on applying M ⊗ Λ −, a factorization as Λ-modules:
When Λ is commutative, the following result is [33, Proposition 5.9] ; the proof we offer is also different from the one in op. cit. 
Lemma 3.2. For any Λ-modules M and N, there is an inclusion
The triangle on the left is from (3.1.1), and is commutative by construction; that of the one on the right is a direct verification.
In order to proceed we need the following result that elaborates the connection between degree-shifting of Ext and syzygies; confer Remark 2.3. Henceforth let Λ be a noether A-algebra so that finitely generated Λ-modules are also finitely generated as A-modules.
Lemma 3.3. Let Λ be a noether A-algebra and set I
Proof. The proof is an induction on i; the base case i = 0 is a tautology. Assume that the desired inclusion holds for some integer i with 0 ≤ i < n − 1. Fix M and N in mod Λ. The exact sequence of Λ-modules
Λ M → 0 with P a finitely generated projective, induces an exact sequence of A-modules
Write J for the annihilator of Ext n A (mod Λ, mod Λ) as an A-module. In the sequence above, the module on the right is annihilated by I i J by the induction hypothesis, while the one on the left is annihilated by I; this follows from Lemma 2.13, as n − i − 1 ≥ 1 and P is a direct summand of a free Λ-module. Thus, I i+1 J annihilates the module in the middle. This completes the induction step.
The result below is our main tool for finding cohomology annihilators. Its proof in fact shows that I d · N(Λ/A) annihilates Ext n Λ (M, N) for n > gldim A, for all Λ-modules M and N, and not only for the finitely generated ones.
Proposition 3.4. Let A be commutative noetherian ring, Λ a noether A-algebra, and set
Proof. The hypothesis on A is that Ext N) . This justifies the desired inclusion for n = d + 1; it remains to recall Remark 2.3.
The preceding result is effective only when the noether different is non-zero, whence the import of the next one. An A-algebra Λ is separable is N(Λ/A) = Λ c ; see [2] .
Lemma 3.5. Let A be a commutative ring and Q its ring of fractions. If Λ is a noether A-algebra such that the Q-algebra Q
Proof. The separability hypothesis and [2, Proposition 1.1] imply
, the desired result follows.
Separable noether normalization.
We say that a ring Λ has a separable noether normalization if there exists a subring A of Λ c such that the following conditions holds:
(i) A is noetherian and of finite global dimension; (ii) Λ is finite generated as an A-module, thus a noether A-algebra; (iii) Q ⊗ A Λ is separable over Q; here Q is the ring of fractions of A.
The next result plays a crucial role in Section 5 where it is used to prove that the module categories of certain rings have generators, in the sense explained in next section. That in turn allows one to identify the full cohomology annihilator ideal, at least up to radical.
Theorem 3.6. If Λ admits a separable noether normalization, then for d
Proof. Let A be a separable noether normalization of Λ and set
Since A is regular, for any associated prime ideal p of A the ring A p is a field, so that
Thus I contains a non-zero element, even a non-zerodivisor, of A; this element will also be non-zero in Λ c , as A is its subring. Since N(Λ/A) contains a non-zerodivisor of Λ c , by Lemma 3.5, the desired result follows from Proposition 3.4.
Next we relate the results presented here to those in [28, 33, 34, 36] . To that end, we recall another different closely related to the noether different. For this material we have drawn often on notes of Scheja and Storch [31] .
Kähler different. Let R be a commutative noetherian ring and A a noether normalization of R; it need not be separable, so only conditions (i) and (ii) stated above need hold. We write K(R/A) for the Kähler different of R over A, which is the 0th Fitting ideal of the R-module of Kähler differentials of R over A; see [31, §15] , and also [33, Definition 4.2] , where it is referred to as the Jacobian ideal of R over A. If the ideal Ker(R ⊗ A R → R) can be generated by n elements, then there are inclusions 
Indeed, and the last one is part of Proposition 2.15. As to the first one: If M is a maximal Cohen-Macaulay R-module, then it is projective as an A-module, and hence it follows from Lemma 3.2 that N(R/A) annihilates Ext 1 R (M, mod R). Remark 3.8. Assume that R is equicharacteristic, local, and complete with respect to the topology defined by its maximal ideal.
where k is the residue field of R; let h = e − dimR, which equals the height of the ideal
The Jacobian ideal of R is the ideal of h × h minors of the Jacobian matrix (∂ f i /∂ x j ) i, j , viewed as an ideal of R; we denote it J(R). This coincides with the sum of ideals K(R/A), where A runs through the noether normalizations; see [33, Lemma 4.3] . Thus, when R is Cohen-Macaulay it follows from Remark 3.7 that
They coincide up to radical when k is perfect and R is reduced, for then there is an equality V (J(R)) = Sing R, see [27, Corollary 2.8] and also [37, Corollary 2.6], whilst the inclusion Sing R ⊆ V (ca d+1 (R)) always holds, by Lemma 2.9.
GENERATORS FOR mod Λ
In the preceding section the noether different was used as a tool to find cohomology annihilators. In this section, we take a different tack; one that is inspired by Lemma 2.13, which gives a method for finding annihilators of cohomology with respect to a single module. The idea then is to find a generator, say G, in a sense made precise below, for modΛ and use the annihilator of Ext 1 Λ (G, Ω G) to find cohomology annihilators for all of mod Λ. The arguments involve a construction of an ascending chain of subcategories built out of a single module, introduced by Dao and Takahashi [8] . It is an analogue of a construction from Bondal and Van den Bergh [4] for triangulated categories.
Throughout Λ will be a noetherian ring.
Generation in mod Λ. Let X be a subcategory of mod Λ. As usual, add X will denote the subcategory of mod Λ consisting of direct summands of finite direct sums of copies of the modules in X .
Definition 4.1. We consider an ascending chain of subcategories of mod Λ built out of X as follows: Set |X | 0 := {0} and |X | 1 = add X . For n ≥ 2, let |X | n be the subcategory of modΛ consisting of modules M that fit into an exact sequence
with Y in |X | n−1 and X in add X ; said otherwise, M is a direct summand of a Λ-module Z that admits a finite filtration {0} = Z 0 ⊆ Z 1 ⊆ · · · ⊆ Z n = Z with sub-quotients Z i+1 /Z i in add X for each 0 ≤ i < n. Clearly, one gets a tower of subcategories of mod Λ:
In what follows, the focus is building modules out of syzygies of a given module. With that in mind, given a subcategory X ⊆ mod Λ and integer s ≥ 0, we set Ω
viewed as subcategories of mod Λ. Since syzygies are only well-defined up to projective summands, it will be tacitly assumed that Ω * X contains all finitely generated projective Λ-modules. When X consists of a single module, say G, we write Ω s Λ G and Ω * Λ G. 
Proof. We induce on n. The basis step n = 1 follows from Remark 2.3 and Lemma 2.13, for they yield that I annihilates Ext Then Ω s M is in |Ω * Λ G| n , so it follows from the already established part of the result that, for each integer i ≥ 1, one has the second equality below
The first one is standard; see Remark 2.3.
Concerning the hypothesis in the preceding result, we note that there is an equality |Ω * Λ X | n = [X ] n , where the subcategory [X ] n has been introduced in [8] .
Finitistic global dimension. We introduce the finitistic global dimension of a noether algebra Λ as the number sup{gldim Λ p | p ∈ Reg Λ} . This can be infinite, as is the case for any (commutative noetherian) regular ring of infinite Krull dimension; Nagata [24, Appendix, Example 1] has constructed such examples.
The result below sums up the discussion in this section up to this point. 
In particular, Sing Λ is a closed subset of SpecΛ c .
Proof. Using Remark 2.2, it is easy to verify that the hypothesis on G yields
Noting that Ext
The first one is from Lemma 2.9(2) while the second one is by definition of the ideals in question. It thus remains to verify that V (I) ⊆ Sing Λ, that is to say that I ⊆ p for any p in Reg Λ. Recall that for any finitely generated module E over a commutative ring R and p in Spec R, one has E p = 0 if and only if ann R E ⊆ p. Thus, the desired conclusion follows because for any p in Reg Λ there are isomorphisms
where the last one holds because gldim Λ p ≤ d, by hypotheses. Strong generators for modΛ. Let Λ be a noetherian ring. We say that a finitely generated Λ-module G is a strong generator for mod Λ if the following conditions holds:
(1) Λ is a direct summand of G, and (2) there exist non-negative integers s and n such that Ω s Λ (mod Λ) ⊆ |G| n . The first condition says that G is a generator for mod Λ in the usual sense of the word. This definition is motivated by later considerations, especially the results on Section 5. Observe that the criterion for G to be a strong generator is stronger than the conclusion of Theorem 4.3, for it does not allow for the syzygies of G.
We now reconcile this notion with one based on thick subcategories of modΛ. Let X be a subcategory of mod Λ. Set thick 0 (X ) := {0} and thick 1 (X ) := add X . For n ≥ 2 let thick n (X ) be the subcategory of modΛ consisting of direct summands of any module that appears in an exact sequence
such that, among the other two modules, one is in thick n−1 Λ (X ) and the other is in add X . (1) |X | n ⊆ thick n (X ).
Proof. The inclusion in (1) is immediate from definitions, as is (3) for when Ω s (M) is in thick n (X ), it follows from the exact sequence defining the syzygy module:
with each P i a finitely generated projective, that M is in thick n+s (X ∪ {Λ}).
We verify this by an induction on n. The base case n = 1 is clear, for both thick 1 (X ) and |C 0 | 1 are add(X ). Assume that the inclusion holds for some n ≥ 1, and for every subcategory X of mod Λ.
Since both thick n+1 (X ) and C n+1 are closed under direct summands, it suffices to verify that given X and Y in mod Λ with one in thick 1 (X ) and the other in thick n (X ), and an exact sequence of Λ-modules of one of the following types:
the Λ-module Ω n W is in |C 2n | n+1 . This can be verified by a direct case-by-case analysis; there are six cases to consider, depending on whether X is in thick 1 (X ) or in thick n (X ). We do this when X is in thick 1 (X ) and Y is in thick n (X ); the argument in the other case is analogous. By the induction hypothesis X is in |C 0 | 1 and Ω n−1 Y is in |C 2(n−1) | n , and then it is easy to verify that
These remarks will be used without further comments in what follows.
Case (i):
The exact sequence (i) gives rise to an exact sequence
for some finitely generative projective module P. Since Ω n X is in |C 2n | 1 and Ω n+1 Y is in |C 2n | n the exact sequence above yields that Ω n W is in |C 2n | n+1 , as desired.
Case (ii):
Since Ω n X is in |C 2n | 1 and Ω n Y is in |C 2n | n , it follows from the exact sequence (ii) that Ω n W is in |C 2n | n+1 .
Case (iii): The exact sequence (iii) gives rise to an exact sequence
where P is a finitely generated projective module. Since Ω n−1 X is in |C 2n | 1 and Ω n Y is in |C 2n | n , the desired result holds.
The following result is an immediate consequence of Proposition 4.5.
Corollary 4.6. Let G be a finitely generated Λ-module.
(1) If Ω s (mod Λ) ⊆ |G| n for some positive integers s, n, then mod Λ = thick s+n (G ⊕ Λ).
Remark 4.7. The import of the preceding result is that mod Λ has a strong generator if and only if there exists a finitely generated module such that the thick subcategory it generates is all of mod Λ. The latter condition is akin to the one for a strong generator of the bounded derived category, D b (mod Λ), as a triangulated category. However, for our applications the notion of a strong generator adopted here is the better one, for it distinguishes between a module and its syzygy. This also suggest that for applications to module theory it would be useful to investigate the set of pairs (s, n) of integers for which there exists a G in modΛ with Ω s (mod Λ) ⊆ |G| n . This is a two parameter version of the Orlov spectrum of a triangulated category; see [26, Definition 3] .
A compactness argument. Let X be a subcategory of mod Λ. Let Add X denote the subcategory of Mod Λ consisting of direct summands of arbitrary direct sums of copies of the modules in X . Following the construction in Definition 4.1, one gets a tower Proof. First we verify the following claim; confer [29, Proposition 3.13] Claim. Let M be a finitely generated Λ-module and ϕ : M → Z a homomorphism in Mod Λ, where Z admits a filtration {0} = Z 0 ⊆ Z 1 ⊆ · · · ⊆ Z n = Z with sub-quotients in Add X . Then ϕ factors as M → W → Z where W is a finitely generated Λ-module with a filtration
this is in Add X , by hypotheses. Set M n = M and ϕ n = ϕ. We construct, for 1 ≤ i ≤ n, commutative diagrams with exact rows
where W i is a direct summand of Z i and in add X , and F i is a free Λ-module of finite rank. These are obtained as follows: Since M n is finitely generated, the composed map M n → Z n → Z n factors as M n ψ n − → W n → Z n , where W n is a direct summand of Z n and in add X . Choose a surjective map ε n : F n → W n , with F n a finitely generated free Λ-module, and a lifting κ n : F n → Z n of the composition F n → W n → Z n , through the surjection Z n → Z n . Setting M n−1 to be the kernel of (ψ n , ε n ) and ϕ n−1 the induced map gives the data required to construct the diagram above for i = n; it is readily seen to be commutative. Observe that M n−1 is finitely generated; now repeat the construction above for ϕ n−1 .
Finally, set
There is then a canonical inclusion W i−1 ⊆ W i , with quotient W i , and the desired commutative diagram is as follows:
It remains to note that the composition M n → W n → Z n is precisely ϕ. This justifies the claim. Now suppose that M is a finitely generated module in | Add X | n , so that there exists a split monomorphism ϕ : M → Z, where Z has a n-step filtration with sub-quotients in Add(X ). Thus the claim applies, and we set C to be the cokernel of the inclusion W 0 ⊆ W ; it is in |X | n , by construction. As Z 0 = {0}, the map W → Z factors through C. Since M is a direct summand of W , it is also a direct summand of C. Therefore M is in |X | n , as desired.
COMMUTATIVE RINGS
The focus of this section is on converses to Theorem 4.3 that justify the claim made in the introduction; namely, the existence of cohomology annihilators is intertwined with the existence of strong generators for module categories. Though the fundamental result in this section, Theorem 5.1, can be formulated for noether algebras, we have chosen to present it for commutative rings, for the statement appears most natural in that context. The proof is an adaptation of [8, Theorem 5.7] . Proof. We induce on dim R, the base case dim R = 0 being clear for then mod R = |R/J(R)| l where J is the Jacobson radical of R and l is its Loewy length. Assume dim R ≥ 1.
Consider first the case when R is a domain. Then, by hypothesis, ca s (R) contains a non-zero element a; we can assume that it is not invertible, for dim R ≥ 1. By the induction hypothesis, there exists an R/aR-module G such that Under stronger hypotheses, the argument in the proof of the theorem above gives the following, more precise, statement.
Theorem 5.2. Let R be a commutative noetherian ring of Krull dimension d. If for each prime ideal p in R, there exists an integer s
≤ dim R/p + 1 such that ca s (R/p) = 0 ,
then there exists a G in mod R and an integer n such that
Excellent local rings. For complete local rings, the part of the result below concerning the existence of the generator G was proved in [9, Theorem 5.7] under the additional hypothesis that the residue field of R is perfect. The description of the singular locus should be compared with [33, Corollary 5.15 ] that implies that when R is an equidimensional complete local ring containing a perfect field, one can replace 2d + 1 by d + 1 in the statement below. We refer the reader to Matsumura [21, (34. A)] for the notion of excellence.
Theorem 5.3. Let R be an equicharacteristic excellent local ring of Krull dimension d.
There are equalities
Furthermore, there is a generated R-module G and integer n such that Ω s (mod R) ⊆ |G| n for s = 3d + 1; if R is complete there exists a G for which s = d suffices.
Proof. First we verify the result when R is complete. Fix a prime ideal p in R. The ring R/p is then a complete equicharacteristic local domain, and hence has a separable noether normalization: When the residue field of the ring is perfect (for example, when its characteristic is 0), this is due to Cohen [6, Theorem 16] ); the general positive characteristic case is a result of Gabber's; see [15, IV, Théorème 2.1.1]. Thus Theorem 3.6 applies and yields that ca dim R/p+1 (R/p) is non-zero. Since p was arbitrary, Theorem 5.2 guarantees the existence of a module G with stated property. Given this Theorem 4.3 justifies the equalities concerning the singular locus of R. Next we verify this equality for a general excellent local ring. Given Lemma 2.9(2), the moot point is that V (ca 2d+1 (R) ⊆ Sing R holds. As R is excellent, Sing R is a closed subset of SpecR, by definition; see [21, Definition (34.A) and (32.B)]. Let I be an ideal in R with V (I) = Sing R. Let ϕ : R → R denote completion with respect to the maximal ideal of R, and a ϕ : Spec R → Spec R the induced map. There are then equalities
where the first one is standard, the second one holds because the fibers of ϕ are regular, by [21, Theorem 79] , and the last is from the already established part of the result, applied to the complete local ring R. It follows that, for some non-negative integer n, there is an inclusion I n R ⊆ ca 2d+1 ( R). Fix finitely generated R-modules M, N. Since R is flat as an R-module, the natural map
is an isomorphism, so we deduce that I n annihilates the module on the left, and hence also Ext 2d+1 R (M, N), because R is also faithful as an R-module. In summary, I n ⊆ ca 2d+1 (R). This gives the desired inclusion.
It remains to justify the existence of a G with the stated properties. As in the first part of the proof, given Theorems 5.1 and Theorem 4.3 it suffices to note that for each prime ideal p of R, the ideal ca 2dim R/p+1 (R/p) is non-zero: we already know that the closed subset of Spec (R/p) that it defines coincides with Sing (R/p), and that is a proper closed subset because R/p is a domain.
Rings essentially of finite type over fields. Compare the next result with Theorem 5.3. When k is perfect and R is itself a finitely generated k-algebra and a domain, the equalities below can be improved: 2d + 1 can be replaced by d + 1; this is by [34, Theorem 3.7] .
Theorem 5.4. Let k be a field and R a localization of a finitely generated k-algebra of Krull dimension d. There exists a finitely generated R-module G such that
some integer n, and hence there are equalities
Proof. It suffices to prove that a G as desired exists, for then one can invoke Theorem 4.3 to justify the stated equalities. Suppose R = U −1 A for some finitely generated k-algebra A of Krull dimension d, and multiplicatively closed subset U of A. Since every finitely generated R-module is a localization of a finitely generated A-module, and localization preserves exact sequences, it suffices to prove the result for A. Thus, we may assume R is itself a finitely generated k-algebra, of dimension d. First, we consider the case where k is perfect. The argument that such a G exists is then the same as for Theorem 5.3: For each prime ideal p in R, the ring R/p is also a finitely generated k-algebra, and hence has a separable noether normalization (see, for example, [24, Theorem 39.11]) so Theorem 3.6 yields that ca dim R/p+1 (R/p) is non-zero. The desired result then follows from Theorem 5.2.
Next we tackle the case of an arbitrary field k by adapting an argument from [19, Proposition 5.1.2]. Let K be an algebraic closure of k. Then R ⊗ k K is a finitely generated K-algebra of dimension d. Since K is perfect, the already establish part of the statement yields a finitely generated R ⊗ k K-module C and an integer n > 0 such that
Since C is finitely generated, there exists a finite field extension l of k and a finitely gen-
hence also G, is finitely generated as an R-module. We claim that, viewing G as an R-module, there is an inclusion
Indeed, let M be a finitely generated R-module. Then the (R ⊗ k K)-module M ⊗ k K is finitely generated and hence
It remains to apply Lemma 4.8, recalling that G is finitely generated over R as well. This completes the proof of the theorem.
The rings in Example 2.10 and the results in this section suggest the following. Any counter-example must have Krull dimension at least two; this follows from Corollary 5.7 below, which is deduced from the next statement. In it, the Jacobson radical and the nil radical of a ring R are denoted rad R and nil R, respectively. See [21, §31] for the definition of a Nagata ring. Proposition 5.6. Let R be a Nagata ring of Krull dimension one.
(1) Assume R is reduced, let S be the integral closure of R, and T the quotient of R by its conductor ideal. With ℓ the Loewy length of T and n = 2 + 2ℓ, there is an inclusion
(2) Let R denote the ring R/ nilR and G a finitely generated R-module with Ω R (mod R) contained in |G| n for some integer n.
Proof. For (1), let C be the conductor of R. Since R is a reduced Nagata ring, S is a finitely generated R-module, and hence C contains a non-zerodivisor of R. Any finitely generated S-module is also finitely generated as an R-module, and that the ring T is artinian; see, for example. These remarks will be used without comment.
Consider the exact sequence of R-modules
Fix an R-module M. Applying M ⊗ R − to this exact sequence yields exact sequences
. Note that C is also an ideal of S, so M ⊗ R C acquires a structure of an S-module. Since S has global dimension one, one can construct an exact sequence 0 → P → Q → M ⊗ R C → 0 of S-modules with P and Q finitely generated projective S-modules. This exact sequence yields an exact sequence of the form
On the other hand, M ⊗ R T and Tor R 1 (M, T ) are in |T / rad T | ℓ , because the ring T is artinian. Given these, the desired result follows from the exact sequences in (5.6.1).
(2) For any R-module M has a filtration {0} ⊆ I j M ⊆ ... ⊆ IM ⊆ M that induces, up to projective summands, a filtration
The desired assertion follows from [8, Proposition 5.3(2) ].
The next result is a direct consequence of the Proposition 5.6. Since excellent rings have the Nagata property, see [21, (34. A)], it settles, in the affirmative, Question 5.5 for rings of Krull dimension one.
Corollary 5.7. Let R be a Nagata ring of Krull dimension one. Then there exist an Rmodule G and an integer n such that Ω R (mod R) ⊆ |G| n .
ASCENT AND DESCENT
The crucial input in Theorems 5.1 and 5.2 is the existence of non-zero cohomology annihilators. Motivated by this, in this section we track the ascent and descent of this property between a commutative noetherian ring A and a noether A-algebra Λ, which need not be commutative. The central result is Corollary 6.7 that is deduced from Theorems 6.1 and 6.4 that are more technical but also more precise. 
Proof. We repeatedly use the fact that I annihilates Ext 
of Λ-modules with each P i projective, a standard iteration yields (6.1.1).
Assume now that Λ has positive rank, say equal to r, as an A-module. Thus, there is an exact sequence of A-modules
such that bT = 0 for some non-zerodivisor b ∈ A. Let M be a finitely generated A-modules. The exact sequence above yields an exact sequence of A-modules
Since b annihilates Tor 
Indeed, replacing K and C by the appropriate quotient module and submodule, we may assume that there are exact sequences 0
Since J annihilates K and C, it also annihilates Ext 
Moreover, for any finitely generated Λ-module X, one can construct an exact sequence of Λ-modules
This shows that Hom A (M, Ker( f )) is a second syzygy of X as a Λ-module. 
Applying Hom A (M, −) then induces exact sequences of Λ-modules
where a annihilates the E i . It follows from the first exact sequence and (6.4.1) that 
A N) . Using these exact sequences, (6.4.1) and Remark 6.2 a descending induction on j yields (M, N) , mod Λ), and so, by Lemma 6.3, also Ext Non-zerodivisors. For applications, the "useful" cohomology annihilators are ones that are also non-zerodivisors. The development below is driven by this consideration. Proof. For any associated prime p ∈ Spec A, the A p -module M p is free, so
This means that the annihilator ideal in question is not contained in such p, as desired. Remark 6.9. Corollary 6.8 applies to quotient singularities, i.e., invariant subrings of a polynomial ring or a power series ring over a field. Following [7] , we say that A admits a noncommutative resolution if there exists a finitely generated faithful A-module M such that End A (M) has finite global dimension. Corollary 6.8 thus implies that when A is a domain admitting a noncommutative resolution, ca(A) contains a non-zerodivisor. Since a finitely generated faithful module M over a domain A has positive rank, so does End A (M) as an A-module. Remark 6.10. The hypothesis in Corollary 6.7 that Λ is module-finite over A is necessary: If A is a non-reduced ring possessing a prime ideal p such that A p is a field (for example,. k[ [x, y] ]/(x 2 y)), then ca(A p ) contains a non-zerodivisor. The condition that Λ has positive rank over A is also needed: For any A and maximal ideal m of A, the ideal ca(A/m) contains a non-zerodivisor.
Commutative rings.
Here is one application of Theorems 6.4 and 6.1. Note that any Nagata ring (hence any excellent ring) satisfies its hypothesis, by definition; see [21, §31] . Thus the result below, whose statement was suggested to us by Ken-ichi Yoshida, subsumes [33, Proposition 2.1] that deals with one-dimensional reduced complete local rings.
Corollary 6.11. Let R be a commutative noetherian ring such that its integral closure R is finitely generated as an R-module. Then the ideal ca n (R) ⊆ R contains a non-zerodivisor if and only if so does ca
Proof. We have R ⊆ R ⊆ Q(R), where Q(R) denotes the total ring of fractions of R. As R is module-finite over R, there is a non-zerodivisor a of R with aR ⊆ R. Hence rank R (R/R) = 0, and rank R (R) = 1. The 'if' part now follows from Corollary 6.7(1). Now consider maps φ : R → End R (R) and ψ : End R (R) → R by φ (x)(y) = xy for x, y ∈ R and ψ( f ) = f (1). It is easy to verify that these are mutually inverse bijections. Therefore R ∼ = End R (R). Since R is torsionfree as an R-module, Corollary 6.7(2) completes the proof of the converse.
The preceding result can be used to give another proof of Corollary 5.7, though the crux of argument is essentially the same. (C)} n 0 in D sg (mod Λ), the singularity category of R, introduced by Buchweitz [5] under the name 'stable derived category'. This then leads to a notion of a strong generator for this category.
The gist of the result below, which is well-known, is that any strong generator for mod Λ, in the sense of Corollary 4.6, is also a strong generator for D b (mod Λ) and for D sg (mod Λ).
Lemma 7.1. Let Λ be a noetherian ring and G a finitely generated Λ-module. Osamu Iyama asked us if it would be possible to bound the dimension of D b (R) in terms of the least integer n such that ca n (R) contains a non-zerodivisor. We do not know the answer, but offer the following examples that suggest that there may be no precise formula relating these numbers. We thank Kei-ichiro lima for suggesting the second one. Then R is a one-dimensional reduced complete intersection and J is its Jacobian ideal. The element xyz is a non-zerodivisor on R and contained in ca 2 (R), by Remark 3.8. However
where the first inequality is clear and the second one follows from [3, Corollary 5.10] .
Here is a example that is also a domain: Let k be a field and let R the numerical semigroup ring k[[t 16 
A decomposition of the derived category. As is apparent from what has been discussed so far, the existence of cohomology annihilators of a ring has an impact on structure of its module category, and hence on its derived category. There is even a clear and direct connection between the two: When Λ is noether algebra, ca n (R) contains a non-zerodivisor a if and only if D b (Λ) is a product of the subcategory consisting of complexes annihilated by a and thick n D (Λ). A proof of this result will be presented in [16] .
